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About this book 
 
This is an offline, static version of the textbook for the Dickinson College course 
COMP232, “Data Structures and Problem Solving.” It is strongly recommended to 
use the online, dynamic version of the book. Instructions on how to view the 
online version are available on the course webpages. This offline version is 
provided as an additional convenience, especially for working without Internet 
access and to provide an easy way to search the entire textbook contents. This 
offline version has some disadvantages compared to the online version: 

1. The offline version has many formatting problems, such as text and 
diagrams that do not fit on the page. No attempt has been made to correct 
these. Please consult the online version to see any content that is not 
visible due to formatting problems. 

2. The offline version does not contain any of the dynamic examples available 
in the online version. 

 
The book has been assembled primarily from materials provided by OpenDSA.org 
and released under the open DSA license. Chapter 3 consists of materials created 
and copyrighted by Oracle, and included here under the fair use provision of 
copyrighted material. Chapter 8 is authored by John MacCormick and released 
under the Creative Commons Attribution-ShareAlike license. 
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OpenDSA License 
 
OpenDSA is Copyright © 2013-2016 by Ville Karavirta and Cliff Shaffer. 
All rights reserved. 
 
Permission is hereby granted, free of charge, to any person obtaining a copy of this software and 
associated documentation files (the "Software"), to deal in the Software without restriction, including 
without limitation the rights to use, copy, modify, merge, publish, distribute, sublicense, and/or sell 
copies of the Software, and to permit persons to whom the Software is furnished to do so, subject to the 
following conditions: 
 
The above copyright notice and this permission notice shall be included in all copies or substantial 
portions of the Software. 
 
THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR IMPLIED, 
INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY, FITNESS FOR A PARTICULAR 
PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE AUTHORS OR COPYRIGHT HOLDERS BE 
LIABLE FOR ANY CLAIM, DAMAGES OR OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT 
OR OTHERWISE, ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR 
OTHER DEALINGS IN THE SOFTWARE. 
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Chapter 1: Recursion 

 

 

 

 
OpenDSA License 

 
OpenDSA is Copyright © 2013-2016 by Ville Karavirta and Cliff Shaffer. 
All rights reserved. 
 
Permission is hereby granted, free of charge, to any person obtaining a copy of this software and 
associated documentation files (the "Software"), to deal in the Software without restriction, including 
without limitation the rights to use, copy, modify, merge, publish, distribute, sublicense, and/or sell 
copies of the Software, and to permit persons to whom the Software is furnished to do so, subject to the 
following conditions: 
 
The above copyright notice and this permission notice shall be included in all copies or substantial 
portions of the Software. 
 
THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR IMPLIED, 
INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY, FITNESS FOR A PARTICULAR 
PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE AUTHORS OR COPYRIGHT HOLDERS BE 
LIABLE FOR ANY CLAIM, DAMAGES OR OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT 
OR OTHERWISE, ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR 
OTHER DEALINGS IN THE SOFTWARE. 
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Chapter 2: Algorithm Analysis 

 

 

 

 
OpenDSA License 

 
OpenDSA is Copyright © 2013-2016 by Ville Karavirta and Cliff Shaffer. 
All rights reserved. 
 
Permission is hereby granted, free of charge, to any person obtaining a copy of this software and 
associated documentation files (the "Software"), to deal in the Software without restriction, including 
without limitation the rights to use, copy, modify, merge, publish, distribute, sublicense, and/or sell 
copies of the Software, and to permit persons to whom the Software is furnished to do so, subject to the 
following conditions: 
 
The above copyright notice and this permission notice shall be included in all copies or substantial 
portions of the Software. 
 
THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR IMPLIED, 
INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY, FITNESS FOR A PARTICULAR 
PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE AUTHORS OR COPYRIGHT HOLDERS BE 
LIABLE FOR ANY CLAIM, DAMAGES OR OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT 
OR OTHERWISE, ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR 
OTHER DEALINGS IN THE SOFTWARE. 
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�����	������������������ ����� !�" �#�$%�  ��&�����'�����	����	()*)�+,-./01,2�3456.789:;<;=;�>?@ABCD?E�FGHIAJKLMHN�KHLO�HPOJ?�NLJ�OQJ�OJRQ?DSNJL�HP�T@AEHGDOQKU�@?@ABLDL�OH�@?@ABCJ�@?�-.2541VW8X�HG�OQJ�D?LO@?OD@ODH?�HP�@?@AEHGDOQK�@L�@�Y4524-8;�MHN�R@?�@ALH�NLJ�OQJLJ�L@KJ�OJRQ?DSNJL�OH�@?@ABCJ�OQJ�RHLO�HP�@�Y456.78;�ZQJ�[JBSNJLODH?�OQ@O�\J�\@?O�OH�@L[�DL]�̂H\�Q@G_�DL�@�̀GHIAJKa�bJGO@D?AB�\J�LQHNA_�Jc̀JRO�OQ@O�D?�LHKJ�LJ?LJX�OQJG̀HIAJK�HP�LHGOD?E�@�ADLO�HP�GJRHG_L�DL�Q@G_JG�OQ@?�OQJ�̀GHIAJK�HP�LJ@GRQD?E�@�ADLO�HP�GJRHG_L�PHG�@�EDdJ?�[JB�d@ANJ;bJGO@D?AB�OQJ�@AEHGDOQKL�OQ@O�\J�[?H\�PHG�LHGOD?E�LHKJ�GJRHG_L�LJJK�OH�IJ�KHGJ�Jc̀J?LDdJ�OQ@?�OQJ�@AEHGDOQKL�OQ@O\J�[?H\�PHG�LJ@GRQD?E�OQHLJ�L@KJ�GJRHG_L;eQ@O�\J�?JJ_�@GJ�NLJPNA�_JPD?DODH?L�PHG�OQJ�fYY74�65f,g�@?_�.5h74�65f,g�HP�@�̀GHIAJK;i?J�KDEQO�LO@GO�IB�OQD?[D?E�OQ@O�OQJ�Ǹ J̀G�IHN?_�PHG�@�̀GHIAJK�DL�QH\�Q@G_�@?B�@AEHGDOQK�R@?�IJ�PHG�OQJ�̀GHIAJK;jNO�\J�R@?�K@[J�@AEHGDOQKL�@L�I@_�@L�\J�\@?OX�LH�OQ@O�DL�?HO�NLJPNA;�k?LOJ@_X�\Q@O�DL�NLJPNA�DL�OH�L@B�OQ@O�@�̀GHIAJKDL�H?AB�@L�Q@G_�@L�\Q@O�\J�b>l�_H;�k?�HOQJG�\HG_LX�\J�LQHNA_�_JPD?J�OQJ�Ǹ J̀G�IHN?_�PHG�@�̀GHIAJK�OH�IJ�OQJ�679V@AEHGDOQK�OQ@O�\J�[?H\�PHG�OQJ�̀GHIAJK;�iP�RHNGLJX�\QJ?JdJG�\J�O@A[�@IHNO�IHN?_LX�\J�Q@dJ�OH�L@B�\QJ?�OQJB@̀ ÀB;�eJ�\J�GJ@AAB�LQHNA_�L@B�LHKJOQD?E�AD[J�OQJ�IJLO�@AEHGDOQK�OQ@O�\J�[?H\�D?�OQJ�\HGLO�R@LJX�HG�OQJ�IJLO@AEHGDOQK�OQ@O�\J�[?H\�D?�OQJ�@dJG@EJ�R@LJ;jNO�\Q@O�_HJL�DO�KJ@?�OH�EDdJ�@�AH\JG�IHN?_�PHG�@�̀GHIAJKa�mH\JG�IHN?_�GJPJGL�OH�OQJ�KD?DKNK�OQ@O�@?B�@AEHGDOQKnopZ�RHLO;�qHG�Jc@K̀ AJX�\QJ?�LJ@GRQD?E�@?�N?LHGOJ_�ADLOX�\J�nopZ�AHH[�@O�JdJGB�GJRHG_;�eQJ?�LHGOD?E�@�ADLOX�\JnopZ�AHH[�@O�JdJGB�GJRHG_�rOH�JdJ?�[?H\�DP�DO�DL�LHGOJ_s;kO�DL�KNRQ�J@LDJG�OH�LQH\�OQ@O�@?�@AEHGDOQK�rHG�̀GHEG@Ks�DL�D?� �OQ@?�DO�DL�OH�LQH\�OQ@O�@�̀GHIAJK�DL�D?� ;qHG�@�̀GHIAJK�OH�IJ�D?� �KJ@?L�OQ@O�tutvw�@AEHGDOQK�OQ@O�LHAdJL�OQJ�̀GHIAJK�DL�D?� X�JdJ?�@AEHGDOQKLOQ@O�\J�Q@dJ�?HO�OQHNEQO�HPx�k?�HOQJG�\HG_LX�yzy{M�@AEHGDOQK�nopZ�Q@dJ�@O�AJ@LO�OQDL�RHLO;�pHX�OH�̀GHdJ�@�AH\JGIHN?_X�\J�?JJ_�@?�@GENKJ?O�OQ@O�DL�OGNJX�JdJ?�PHG�@AEHGDOQKL�OQ@O�\J�_H?|O�[?H\;pH�P@G�@AA�HP�HNG�Jc@K̀ AJL�HP�@AEHGDOQK�@?@ABLDL�EDdJ�THIdDHNLU�GJLNAOLX�\DOQ�IDE}iQ�@A\@BL�K@ORQD?E�;�ZHN?_JGLO@?_�QH\�IDE}iQX�X�@?_��?HO@ODH?L�@GJ�̀GH̀JGAB�NLJ_�OH�_JLRGDIJ�HNG�N?_JGLO@?_D?E�HP�@�̀GHIAJK�HG�@?@AEHGDOQKX�DO�DL�IJLO�OH�RH?LD_JG�@?�Jc@K̀ AJ�\QJGJ�BHN�_H�?HO�@AGJ@_B�[?H\�@�AHO�@IHNO�OQJ�̀GHIAJK;mJO�NL�AHH[�@QJ@_�OH�@?@ABCD?E�OQJ�̀GHIAJK�HP�LHGOD?E�OH�LJJ�QH\�OQDL�̀GHRJLL�\HG[L;�eQ@O�DL�OQJ�AJ@LO�̀HLLDIAJ�RHLOPHG�@?B�LHGOD?E�@AEHGDOQK�D?�OQJ�\HGLO�R@LJa�ZQJ�@AEHGDOQK�KNLO�@O�AJ@LO�AHH[�@O�JdJGB�JAJKJ?O�D?�OQJ�D?̀NOX�~NLO�OH_JOJGKD?J�OQ@O�OQJ�D?̀NO�DL�OGNAB�LHGOJ_;�ZQNLX�@?B�LHGOD?E�@AEHGDOQK�KNLO�O@[J�@O�AJ@LO� �ODKJ;�qHG�K@?B�̀GHIAJKLX

���������	
���
�����	���

91



���������	
�������������
���������������������������������������������������� �����	�������������	��	�
��������������
������	��
���
���������
���	������������������������������	���������	����������	������������������ ����������	���
�������������������������	����������	�������	������	����������
�������
���������������������	������	��	��	�������
��	�����
����	���
����	���������������� �������������	�����������	����
����������������
���������	���������� ������������
��������������������� �����  �!������	�����������	���	���������	���� ��������
�������������������	�������������	��"
�����	�����	������������	������ ��������������
�����
�
�	�����������������
���#��������������������������
������	������	�����������	��������������	���
�������	����	������ �����������
�������������	���	��������	��	��������	������������	�����	�����$�����������	���������	��������
��	����������������������� ����������	���
�����������	��������		������������%���������������������������������
��������	���������� ������������	���������� ���������������	
���	��������	�����	���� �$������
���	���������������

�����&�	���������'�	���	���������	�������� (��)*�+,-�./01*23,2�������	���������	������������
��	��������������� ����������	���
�����4�������	��������������������������	�����	���������������������������	��������������������������������������	���������	�����
������������	��������	����� ���	�������	��"
���������������5�������������
���
��
���������������	�����������	�������� ���������	���
�������
�������������	���������	����������
������6���������������	���������	����	�����������������
�����������������	�������������������������������������������������������������������	���������	������	���������
������������	���������	���������	�����'���������
���������
��	(�����������������������
���������������	������������������	�����������
����������
��	�������������	�5�7���������	���������	����	���������������������������!89�������������������	���������	����	��������������������	�����������$:���������������������	��������������������������������	����������	��������	��	������4 %�������������	��������������������	���������������	��������������	�������� �	����	������ �

92



93



���������	

��������
������������������������������ �!"#��������$���%��& ���������!�'����$ ���#%��!�% !����!��(��)*��!!�+�,(��������!�'���)*��!!� ��,����!���#��� ������%�& ���#�������!�'����$ ���#%������+�!��#����%��� ������#�������!�'������-!.��/�
��	

�����
��
�����+�&���!���&����� ��,(%���!� &�����)*��!!� ���#��������+�!� ��� ��% ���-!%�����.���!�����!� &���!��&��/����!!����)�%*����!��#�������!�'�+�&����� ��& ���#��&��� �����&����� �0/� �#���!���+��+��)�%*��� &���������������!��#��1�, ������!�2�����01� %��#�!�+�&����� �3��#��&��!��!�'�����%,��!� &��#��1�, ������!�2���������4 ������#����#�!�+�&����� ��� �����!��5 �*���!0��#��$�������+�&����� ��& �� ���+��#��,�!����!�!�& �� ���+���6�7�5�!�3��#��+�&����� ��& ��&��� ������ �����!��������!�'��*������+�,�!����!�!������������������ �!����� &�����!�+�� �% +����#��� !�� &������!�'��&����� �!��1 ���)�%*��3��#����%,��� &%����*������ �!���2����+�,(��������!�'��'��!� �� &��#��&��� �����&����� ��& �������*��� &�!�8���5����,��8�� �5#��� �� �-�#��,�!����!�!.3���+����5����,�� ���*��!��#��� !�� &�������$�9:;<� ����'����� &� ��"#�!�����,��+�&���+�!��$��#��& �� 5��$�����������0/!�5��#�!�%%��� �!3�5���(*�����(�5�!#�� ���*������#������������������� ��5��#����� !�+=& �%�! ���� ���>����**� ��#�!�� ��)*��+��#�������������,(���*�����$���(� ���������!� &�� ���#����$#�=#��+�!�+��5��#���!�+�&����� ��
/�!��$#��(�% ���� %*������+�������������!/$���3�5��5�����!���)*��!� ��� �#��*��!�&��+����� !�+�& �%�! ���� ��
��?�@ AA A B BBC�� 5���� �!�� �)*��!� �� � � $��!!� �#�� �� !�+� & �%� ! ���� �� & �� �#�� ��

94



�� �� �������� 	� ���� 
�����
� ���	��
�
� �� � � ����
����
���
���������
	�
�����
	��
�����

����
����	���
���
	��
����������


95



�����������	�
��
	������	��	����������
������ ��������� ��� !�����"��	��#���	�$����$%&''&�()**)+�,-./+012.34+0-+5.6788787�9:;;:<�=>?@<ABC?DE<A><F?G.H*I3)3-J�4+4KH.-.�>?�:<B�:L�DMB�;:?D�><DBNNBOD@ENNP�A>LL>O@ND�D:Q>O?�DMED�@<ABCFCEA@EDB�O:;Q@DBC�?O>B<OB�;ER:C?ECB�O:<LC:<DBA�S>DM7�=:?D�QB:QNB�L><A�52)T3U�2431.�E<A�E?P;QD:D>O�E<ENP?>?�O:<L@?><F�E<A�?:�ABVBN:Q;>?O:<OBQD>:<?�EW:@D�B>DMBC�DMB�O:<OBQD?�:C�DMB�DBC;><:N:FP7�XD�MBNQ?�D:�Y<:S�SMED�DMB�?DE<AECA�Q:><D?�:L�O:<L@?>:<ECBZ�><�M:QB?�:L�EV:>A><F�DMB;7[<B�QC:WNB;�S>DM�A>LLBCB<D>ED><F�DMB�O:<OBQD?�:L�/II12�E<A�K)T12�\)/+0.�>?�DMEDZ�L:C�;:?D�ENF:C>DM;?�DMED�P:@�S>NNB<O:@<DBCZ�>D�>?�BE?P�D:�CBO:F<>]B�DMB�DC@B�FC:SDM�CEDB�L:C�DMED�ENF:C>DM;7�̂>VB<�O:;QNBDB�Y<:SNBAFB�EW:@D�E�O:?DL@<OD>:<Z�DMB�@QQBC�E<A�N:SBC�W:@<A�L:C�DMED�O:?D�L@<OD>:<�ECB�ENSEP?�DMB�?E;B7�_M@?Z�DMB�A>?D><OD>:<�WBDSBB<�E<@QQBC�E<A�E�N:SBC�W:@<A�>?�:<NP�S:CDMSM>NB�SMB<�P:@�MEVB�><O:;QNBDB�Y<:SNBAFB�EW:@D�DMB�DM><F�WB><F�;BE?@CBA7XL�DM>?�A>?D><OD>:<�>?�?D>NN�<:D�ONBECZ�DMB<�P:@�?M:@NA�2140�4\)/3�4+4KH̀-+5�I2)\K1*.7�aB�@?B�b<:DED>:<�D:�><A>OEDBDMED�DMBCB�>?�<:�;BE<><FL@N�A>LLBCB<OB�WBDSBB<�SMED�SB�Y<:S�EW:@D�DMB�FC:SDM�CEDB?�:L�DMB�@QQBC�E<A�N:SBC�W:@<AcSM>OM�>?�@?@ENNP�DMB�OE?B�L:C�?>;QNB�ENF:C>DM;?d7XD�>?�E�O:;;:<�;>?DEYB�D:�O:<L@?B�DMB�O:<OBQD?�:L�@QQBC�W:@<A�:C�N:SBC�W:@<A�:<�DMB�:<B�ME<AZ�E<A�T)2.3�J4.1�:C\1.3�J4.1�:<�DMB�:DMBC7�_MB�WB?DZ�S:C?DZ�:C�4e12451�J4.1.�BEOM�01f-+1�4�J).3�L:C�E�?QBO>L>O�><Q@D�><?DE<OB�c:C?QBO>L>O�?BD�:L�><?DE<OB?�L:C�DMB�EVBCEFB�OE?Bd7�X<�O:<DCE?DZ�@QQBC�E<A�N:SBC�W:@<A?�AB?OC>WB�:@C�@<ABC?DE<A><F�:LDMB�52)T3U�2431�L:C�DMED�O:?D�;BE?@CB7�g:�D:�ABL><B�DMB�FC:SDM�CEDB�L:C�E<�ENF:C>DM;�:C�QC:WNB;Z�SB�<BBA�D:ABDBC;><B�SMED�SB�ECB�;BE?@C><F�cDMB�WB?DZ�S:C?DZ�:C�EVBCEFB�OE?Bd�E<A�EN?:�:@C�AB?OC>QD>:<�L:C�SMED�SB�Y<:SEW:@D�DMB�FC:SDM�CEDB�:L�DMED�O:?D�;BE?@CB�cW>Fb[MZ�Z�:C�d7_MB�@QQBC�W:@<A�L:C�E<�ENF:C>DM;�>?�<:D�DMB�?E;B�E?�DMB�S:C?D�OE?B�L:C�DMED�ENF:C>DM;�L:C�E�F>VB<�><Q@D�:L�?>]B�7aMED�>?�WB><F�W:@<ABA�>?�<:D�DMB�EOD@EN�O:?D�cSM>OM�P:@�OE<�ABDBC;><B�L:C�E�F>VB<�VEN@B�:L�dZ�W@D�CEDMBC�DMB52)T3U�2431�L:C�DMB�O:?D7�_MBCB�OE<<:D�WB�E�FC:SDM�CEDB�L:C�E�?><FNB�Q:><DZ�?@OM�E?�E�QECD>O@NEC�VEN@B�:L�7�_MBFC:SDM�2431�EQQN>B?�D:�DMB�JU4+51�><�O:?D�E?�E�JU4+51�><�><Q@D�?>]B�:OO@C?7�h>YBS>?BZ�DMB�N:SBC�W:@<A�>?�<:D�DMB?E;B�E?�DMB�WB?D�OE?B�L:C�E�F>VB<�?>]B�7i<:DMBC�O:;;:<�;>?O:<OBQD>:<�>?�DM><Y><F�DMED�DMB�WB?D�OE?B�L:C�E<�ENF:C>DM;�:OO@C?�SMB<�DMB�><Q@D�?>]B�>?�E??;ENN�E?�Q:??>WNBZ�:C�DMED�DMB�S:C?D�OE?B�:OO@C?�SMB<�DMB�><Q@D�?>]B�>?�E?�NECFB�E?�Q:??>WNB7�aMED�>?�O:CCBOD�>?�DMEDWB?Db�E<A�S:C?BbOE?B�><?DE<OB?�Bj>?D�L:C�BEOM�Q:??>WNB�?>]B�:L�><Q@D7�_MED�>?Z�L:C�ENN�><Q@D?�:L�E�F>VB<�?>]BZ�?EP�Z�:<Bc:C�;:CBd�:L�DMB�><Q@D?�:L�?>]B��>?�DMB�WB?D�E<A�:<B�c:C�;:CBd�:L�DMB�><Q@D?�:L�?>]B��>?�DMB�S:C?D7�[LDB<�cW@D�<:DENSEP?kdZ�SB�OE<�OMECEODBC>]B�DMB�WB?D�><Q@D�OE?B�L:C�E<�ECW>DCECP�?>]BZ�E<A�SB�OE<�OMECEODBC>]B�DMB�S:C?D�><Q@D�OE?BL:CE<ECW>DCECP?>]BXABENNPSBOE<ABDBC;><BDMBFC:SDMCEDBL:CDMBOMECEODBC>]BAWB?DS:C?DE<AEVBCEFBOE?B?

�����������	�
��
	������	��	��

96



�����������	���
����
����
���
���
������
	
����
�	�
�����	����	
�����	�
�������	
���
���
�	������	��������
���
����
����	�
�����	����
������������ !�"#$$#$%��	����	�
�����	����	
����	�
��
�	����
������
&�
�	�����
����'�(�����
�����
�������
���	�
��
�	����
���������
��	�
�����
��
���
����)�����������
�������	�
�����	�����	�������	�
�����
��*�������	��
��
�����
������	�
����
���	�
�����
��*�����	�
��
�	����
�+��������	���
����
�,����������
��	�
��
���
������
�������	�
�����	���������	����������	�����	����-���	����./0�����
�	�	����
�	��	�	�
��
�	����
����������
�� �-�1�-2 33 3 4 44������
�����������������	�������	�
����	������������	�
���5���������
������������
��������������*��	�����������
�������	�
������
��������
�	�
����	����������
������
�����6��	

789:;<:<=>?@AA@=�B<CD=EF8C;9=E<=>C�FGF8:<CF HIJJKLM�NOPJKQ�R�PIM�PST�
97



�

��������	
�����
������������������������������������� ��������� !�����"���������������������#���$����%������������#& '��%��� ()'��%��� ()*+,�-./��0�1.�23�����3�����41�5/���������6�
0-��

98



����������	
����
�
��������������������������������������������� ���������!"������"���������������������#��$��%������$���&�'�����"����������$��$���(�$����#�������� ����������$���"����������)���#���� �����$�"�������������*���+��"����������$�"��&�,�$�"�����������������������#�%�����-�.#����������������(���#�����*����������$����������������&�'���+��"���������*����������������$�#��+��"����������$����(������+��"�����������������������������$�"�������������*��&�/��"����������$����*���$�����)��������� ���+��"������������ ��0���� &�'������%�������������#������"�%��������*���������$��$�����+��"����#��������������$�����+��"���-���������$����������"�%��������������$��+��"�������������������$�"��&�/��"��������������$�"���������$��� ���-�������*���&�/����"#�$�#���� �������������+���������%���������-�&
1��������*�����(�23456������������������7��8������������������"�%��������*����������$��$�����+��"�&�9"�$�����:;<4=>?@���"��������$�����+��"��������*���&'����������������������A3B������C-��$����������7���23456D����%���#���������"�%������$�����(�&�'������������������$��#�����C-��$��#���������������"�%��������*����-������$��$����D���� &�'��������������������������(�����$�������E3B6(#����#���������$����������������� ��� �������"��#&�F��-�������"������������������ ��� �����������$���� �������������������#(���"������#�� � ���������������� �������$���&1��������� ��#������������������������$�������������� ������G�F��������$�"�����%��� ������#G�1���������������*���(�%"������������$�����&�F������������"$���������������G�'�������������������� ��������������$(�%�$�"����"$���-�������������������%��� ������#&�1�����#(�-�����"�#�"��������"�����������+����%���������������������)������$���*��(���#������"�����������+����%���������������������)����$�����&�'����-�� ��� �����������������7����������(�����������*���$�"�������(���#� ��������������� ����������&�'��������#����������$������� &F���$���-�������������"�������+��"�������������"����7����#��������������$������������� ���������� GH�$�"��(���������$������"$������������&�9����*�����(�����$�"����� �����+��I000��I000���*������#������ ����JKL������%���$�����&���(����������������(�-��$������"$����� �������� &�H"�(���������������(�������� ���C�+���������������������������D(������ �$���%�$����������� ���!"������&�'�"�(���������+����%������"�#�%��� ����#&
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Chapter 4: Linear Structures 

 

 

 

 
OpenDSA License 

 
OpenDSA is Copyright © 2013-2016 by Ville Karavirta and Cliff Shaffer. 
All rights reserved. 
 
Permission is hereby granted, free of charge, to any person obtaining a copy of this software and 
associated documentation files (the "Software"), to deal in the Software without restriction, including 
without limitation the rights to use, copy, modify, merge, publish, distribute, sublicense, and/or sell 
copies of the Software, and to permit persons to whom the Software is furnished to do so, subject to the 
following conditions: 
 
The above copyright notice and this permission notice shall be included in all copies or substantial 
portions of the Software. 
 
THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR IMPLIED, 
INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY, FITNESS FOR A PARTICULAR 
PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE AUTHORS OR COPYRIGHT HOLDERS BE 
LIABLE FOR ANY CLAIM, DAMAGES OR OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT 
OR OTHERWISE, ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR 
OTHER DEALINGS IN THE SOFTWARE. 
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����������������������������������������������������������������������������� �¡�¢£�¤�¥¦�¦§�̈�©�ª����ª������ª����������������������������ª�����������������«�����¬ ©�ª������­��®��������������¬+̄h.�n�j�/��h+�.�j�/�ij�/��jop�����°±²³́
123



���������	
���
�������

124



����������	
���
�����������
�
����������������
����
 ��� !"#�� �$�%& "" !'����
(�
���������)*+*�,--./01.234�5627�89:;393<7.76=<>?@?A?�BCCDEFGDHIJ�KLHM�NOPQIOIRMDMLSRTUICI�LH�DR�LOPQIOIRMDMLSR�VSC�MWI�DCCDEFXDHIJ�QLHMY�RDOIJ�Z[\]̂?�Z[\]̂�LRWICLMH�VCSO�MWI�5627�,_̀ YDRJ�HS�OaHMLOPQIOIRM�DQQ�SV�MWI�OIOXIC�VaRbMLSRH�SV�[\]̂?cc�deefghifjkl�mnjo�npqmkpkrofonsr�tuvww�xyzw{|}~�z��u����{w�[\]̂|}~�������z�v{��}��\]̂Z�������������������������cc�deefg��smlnr��mnjo�kmkpkroj�����z�v{��w{v{zt��z�vu�\�̂��}�Z�[�����}�������cc��k�f�mo�jn�k�����z�v{��\�̂� �¡�\¢£���������������������cc�¤f¥np�p�jn�k�s��mnjo�����z�v{��\�̂��\]̂�\¢£��������������������cc�¦�eekro�§�s��mnjo�nokpj�����z�v{��\�̂�̈©��������������������������cc�ªsjnonsr�s��«�eekro�kmkpkro����cc�¦srjoe�«osej���cc�¦ekfok�f�rk¬�mnjo�si­k«o�¬no��pf¥np�p�jn�k�®jn�k®���̄°±����ww²v��z�³ẃµ©�̈¶£̈·£̧µ¹�cc�ºkrken«�feefg�fmms«fonsr���Z[\]̂ \́�̂�]\¢£¹������� �¡�\¢£���]\¢£�������\]̂�\¢£���̈©�������������\]̂Z�������́}��¹��»�¼½¾£̈ �̂]\¢£�����������cc�¦ekfok�mnjodeefg���¿���cc�¦ekfok�f�mnjo�¬no��o�k�lk�f�mo�«fqf«nog���Z[\]̂ ¹́�������{Àzẃ�}�Z�[�����}¹��������������������cc�Á�jo�«fmm�o�k�so�ke�«srjoe�«ose���¿���������������±Âuzt�ÃÄ\̧�̈�£��́¹����������������������cc�Åknrnonfmn�k�o�k�mnjo������\]̂�\¢£���̈©����������������������cc�Ænpqmg�eknrnonfmn�k�Çfm�kj���¿����cc�Èrjkeo�®no®�fo�«�eekro�qsjnonsr����±Âuzt�½ÄÄ�£���\�]£�̂ }́�\̂¹�������z��́�\]̂�\¢£�~�� �¡�\¢£¹���{ �u
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Chapter 5: Binary Trees 

 

 

 

 
OpenDSA License 

 
OpenDSA is Copyright © 2013-2016 by Ville Karavirta and Cliff Shaffer. 
All rights reserved. 
 
Permission is hereby granted, free of charge, to any person obtaining a copy of this software and 
associated documentation files (the "Software"), to deal in the Software without restriction, including 
without limitation the rights to use, copy, modify, merge, publish, distribute, sublicense, and/or sell 
copies of the Software, and to permit persons to whom the Software is furnished to do so, subject to the 
following conditions: 
 
The above copyright notice and this permission notice shall be included in all copies or substantial 
portions of the Software. 
 
THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR IMPLIED, 
INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY, FITNESS FOR A PARTICULAR 
PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE AUTHORS OR COPYRIGHT HOLDERS BE 
LIABLE FOR ANY CLAIM, DAMAGES OR OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT 
OR OTHERWISE, ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR 
OTHER DEALINGS IN THE SOFTWARE. 
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EPDD?@�EF@@�̂C@R_̀àbc�defg�hijeigjiklfmnegj�iop�q���br�kio�ss�tuvvp�wx̀uwty�zz�{|}~�����~�����������~�������df�fokiopy��������������zz������������~��������hijeigjikio��j�okppy����zz�������������������������~���hijeigjikio�if��okppy���zz��������������������������~����565 �565���./.41��
EPDD?@�EF@@�̂C@R�565 �565���./.41��

���������	
�
��
�����

�����
���	�

197



��������������	
�����
����
�������������������
�
�����
����
��������������
����
�������
�������
������������
������
������������
������� �����������������������������
�!"�#���

���

��
��$��������������������
����

��
�����$��	
���
��$������
�������
�������
�"�%

��
���
���������
����

�
��������
��������
�������
�
��"&
�
�����

�����
����������������������������
����	�������

����
��

�
��

���������'())"�*�������������
�����
����"�+
��
����������������
���
�������
������
�������������
���$
����
����������

��������������������

����	������������������$
�����
�����������������
�"�%
�������$�����������

����	�������

����
����"�,���
����
�������

������
	������
�����������

������������������

������������

�
����������
������������$��
������
"�,���������
�
�������
����

�������
��	�����$����������������

�����
������������

����
����

�������������'())"�-���
����������.���������������$$��	�
����
�����

�������	��

��
��������

��
��$�
����������
�
����
$��$�����
����
��

������
��������
��

��
$��	�������

��
������
�����"%

�$
��	���������������������
���������
���������������������$

�
���
���������
��"�/�����	�����

��
��$�
������

����

����
�'())��
�����
����
���
��������	��������
����������
�
��	��
��������
�$
�������
�0��������
�������

�
��$�
�"�%
������
���

�������������
������
.���
��
������
���
����
��������
���������
������
.���

��������
�"�1�
������

��
�����
��������
����������������������
�
�$��������
������
��������'())����

���
����

���
�

$
$������������"�%
������
��������
����������
$��
����

����	������
�����"�%

��
������
�����
������������

���
���������
����
������
�����������������

��

���
�������
�����������

��

$������

�����
�����$
"�+

�
�
���
������
����������
���

��
��$�
�����
����
�����

��
��
�"�-���
������
���
����
��
����

�����
�����$
��������'())����$�
����
�������
�����������
��

��
������������

��
��$�
��������
�$��234�
��
�������
�������
�������

���
�����$��
"5"6"7"8"�%

�9
������
�:���%

��
��
���������
����

��������	����
������
��������������������������������
����

��
������
�����������"�;������
����
��������������������
����"�#�
����
�������
�����������
������������������������

����	�������
��$�
���

�����$�� ���

$���"�<����
���$���������������

�����
�����������
��$�
����������

$����������
��
�����
�������$
����������
����
�����
��������

�����
�����$
"�:
��$�����
���
���$������
���
$����$
��$
��

�

�����������

��
������
��"�=��
��

���������$��
���

����������
����
�
��$�
���">?@ABCD�EFGFH:����$
���

������
���������
�
����	��

�����
�����
��
���$
���������������

"�%

���������	����������
�����
����������
����$�
���
$��$���������������������
�����$��

���	
���
��$�
�����
��
���$
"

II�JKLM�LM�N�ONP�LPQN�RSTSUV�W�X�����������YZX'[�����\]�̂���WX_X\Y�\]̀���Ua�Y�\b)�c\Y]�de�fghh]����������Y�\b)�c\Y]]̀���Ua�Y�\b�Xij\Y]�de�fghh]����������Y�\b�Xij\Y]]̀�k�

%�		�
�%�

�l�
�RSTSUV�W�X��X'�ccmZnX'oYZX'[�������\]�̂�
198



������������	�
��
	����
��
�����	��������	���
�	�	���������������
�
�	��	���������������	������
���������������
���	����������	������������
�
�����	����
��	����
��
���
��������������	�	������	����
���������������
�
��������
���	���������������������������
����
�����	������	���������	������������	�����������������
����������

�	���������������
�
������������������������������
�����	������	�������������������
������	����
�	�
���	���������	��	��	�����������
	���
�	���

�����	
����	���������	��������������	��
�
�	
�	������
��

	�������	�	������
�
����	������������	���������
���	��������
		����
����	������� �
����!"#�������	�	������������	������������	����	������������
�
���������$�%�&��'�������������������	�'��(���)�����
�

��*+�,-../�01�23445�6�������-../789/:;<=9,,>?/5,-../7@;<=9,55�A�B5C�����*+�,-../7<9D/,5�01�23445�6�������-../7<9D/,5789/:;<=9,,>?/5,-../7<9D/,57@;<=9,55�A�B5C�������>?9DDEFG>?H,-../7<9D/,57<9D/,55C�����I�����*+�,-../7->JK/,5�01�23445�6�������-../7->JK/,5789/:;<=9,,>?/5,-../7->JK/,57@;<=9,55�A�B5C�������>?9DDEFG>?H,-../7->JK/,57->JK/,55C�����I���I�I�
LMNOP�Q�MPRSMTNUP�VSWRONXW�OYQO�NWRMPZPWOT�[\�XWP�OYP�UQ]SP�VXM�PUPM\�WX̂P�NW�OYP�[NWQM\�OMPP�_XNWOP̂�QO�[\�OMPP̀�aTTSZP�OYQO�WX̂PT�TOXMP�NWOPbPM�UQ]SPT̀�cPMP�QMP�ZPOYX̂T�OYQO�\XS�RQW�STP�XW�OYP�F>?d.e9�X[fPROTg����NWOPMVQRP�hNWiX̂P�j�������_S[]NR�NWO�UQ]SPklm�������_S[]NR�UXN̂�TPOnQ]SPkNWO�Ulm�������_S[]NR�hNWiX̂P�]PVOklm�������_S[]NR�hNWiX̂P�MNbYOklm�������_S[]NR�[XX]PQW�NToPQVklm����p qXSM�VPP̂[QRr�sN]]�Q_QWTsPM̀t=u<>H�F>?d.e9�FG>?H,F>?d.e9�-../56����IBvwxy

199



���������	
���
�������

200



���������	
��
�	����	���������
���������
�	�������	�������
� ���� !"�#$ �%�&'�!!� (�����)
�
����
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���������	
���


���	�
��
���

�
���

218



��� �������	�
������
�
����������������������������������
���������	�
������������������������
������������
�������������	�
������
���������
��������
��������������������������
������
��
����������������
��������������������������������
����������������������������
���
���������������
��������������������������������������
���
��������������������	����������
������������
������
�����
��������������������������������������������
���������
�����
���������������������������
�����������
����
������������
�������� ������������	�
�������� ����������������������
��������	������������	�
����
���������������
����������������������������
�����������������������
����������������������	������������
������������������������
���
��������������������
������������������������������������	�
������
���������������
���������
�������������
����
����
������������������
����
�����������
������������������������������ ������������
�
������
���������������
�����
�����������������������
�������������������������������������������������
���� ������
�
�����������
����
����
���������	���!�	�����������������
���������	�
����������
�������
�������������������"�����������������������
��������
��#��
���������

�����������������������������$%&'()�	�
�����������������������������������������
����
���������������
�����*���������������
�����������
�������������������������
�����������������
�
���

�������������
���
����������
�������
����
�����
�������
��������������������
�
���������������������+��	��������������������������
�������������
����������
��,�����
����	���������������
�
��������������������
�����
��������������������
���-�
��#��
������������������
�������������������
���
�
����
����������
����
���������"��������
�������
��������
��������	����������������������
�����
�	�����������.�
������������������������������������
�������������
��������������
��������.�
������
������
�����
�����
���
�������,�����
�����
����	����������������	��������������������
��������
�����
�������
�
���������
�����
������������������������+��	������ �����
��������������������������������������/�����������
������������������������������
�������������
����������������������
��/������
��/�������������	��������������������
����������������������������
��������������������
������������������
������������
���

219



220



���������	
���
	
����


����������
��	�
 �������� �!�"#�����$�	��
%�

�	&����&'())(�*+,-./�01-.23�4.1156788787�9:;<=>�?@<=AB�C=@@�D@E:;:F:G;H�I+,-./�51-.23�J.11�K*04L�:M�<�I+,-./�J.11�FB<F�AG;EG=NM�FG�FB@�EGOOGP:;Q�AG;R:F:G;S�T;GP;�<M�FB@�I+,-./�51-.23J.11�U.VU1.J/7�HOO�,VW15�MFG=@R�:;�FB@�O@EF�MXYF=@@�GE�<�;GR@�PBGM@�Z1/�[<OX@�:M� �B<[@�T@>�[<OX@M�O@MM�FB<;�G=@\X<O�FG�7�HOO�;GR@M�MFG=@R�:;�FB@�=:QBF�MXYF=@@�GE�<�;GR@�PBGM@�T@>�[<OX@�:M��B<[@�T@>�[<OX@M�Q=@<F@=�FB<;�7]:QX=@�'())()�MBGPM�FPG�9?CM�EG=�<�AGOO@AF:G;�GE�[<OX@M7�̂;@�AG;M@\X@;A@�GE�FB@�Y:;<=>�M@<=AB�F=@@�_=G_@=F>�:M�FB<F:E�FB@�9?C�;GR@M�<=@�_=:;F@R�XM:;Q�<;�+,V.W1.�J.-̀1.5-aS�FB@;�FB@�=@MXOF:;Q�@;XN@=<F:G;�P:OO�Y@�:;�MG=F@R�G=R@=�E=GNOGP@MF�FG�B:QB@MF7

]:QX=@�678878b�CPG�9:;<=>�?@<=AB�C=@@M�EG=�<�AGOO@AF:G;�GE�[<OX@M7�C=@@�K<L�=@MXOFM�:E�[<OX@M�<=@�:;M@=F@R�:;�FB@�G=R@=cdS�efS�feS�dS�eS�fgS�feS�ceS�8eg7�C=@@�KYL�=@MXOFM�:E�FB@�M<N@�[<OX@M�<=@�:;M@=F@R�:;�FB@�G=R@=�8egS�feS�feS�dS�eS�ceScdS�efS�fg7h@=@�:M�<�AO<MM�R@AO<=<F:G;�EG=�FB@�9?C7�i@A<OO�FB<F�FB@=@�<=@�[<=:GXM�P<>M�FG�R@<O�P:FB�Z1/5�<;R�2VjU-.+,k.12V.W5�CB=@@�F>_:A<O�<__=G<AB@M�<=@�Z1/l̀-am1�U-+.5S�<�M_@A:<O�AGN_<=:MG;�N@FBGR�MXAB�<M�XM:;Q�FB@

cdef fed cee fe 8egfg
8egfefede ceef cdfgK<L KYL

���������	
���
	
����


�

221



�����������	
���
���������������������������������������� !�"#$��%�
&%&�'�'�(��)�

�!&* �!&�'+�'�!&	(!���%�
&%&�'�'+&��������,-.���'&!/�	&�

0�11�1�1��"#$�#&�!	+$+&�/�!�'�(�&!�'�(��'+�'�)&�)�

�
((2��'�����&'��
�)�

�/����'+&�!&	(!��'+�'�%�'	+&������3&��2&4��5('�	&�'+�'����'+&�"#$	
���
�� 6
�	�%&%6&!�/ �	'�(��789:�	�

���!�3�'&�%&%6&!�/ �	'�(��789:;.-���<&'+(��789:�'�2&��'+&��&�!	+�2&4������&=�
�	�'���!�%&'&!������'��"#$��������%�
�	�'���!�%&'&!
�����!&' !���'+&�!&	(!��'+�'�%�'	+&��'+&�2&4��>()&3&!
'+&/���(�&!�'�(���%(�'&���
4�%�
&%&�'&����!&	 !��3&/ �	'�(�)+(�&��!�%&'&!��!&'+&!(('(/�� 6'!&&

$(��
&�$!&&�?�&)@@�ABCDEF�GHDEIJ�KEHH�BLMNHLHCODOBPC�QRSTT�UVW�X���YZ[\S]̂�_̀ab�:.�����c�@@�dPPO�Pe�OJH�AGK���YZ[\S]̂�89��9�:.f�g9�c�@@�hiLjHE�Pe�CPkHl�BC�OJH�AGK���@@�IPClOEiIOPE���_̀amn�X������o�pqRRc�9�:.f�g9��o�rc�s����@@�dHBCBOBDNBtH�OEHH���YquR[Q�v�8:�f-.��mn�X������o�pqRRc�9�:.f�g9��o�rc�s����@@�wClHEO�D�EHIPEk�BCOP�OJH�OEHHx���@@�dHIPEkl�IDC�jH�DCFOJBCyz�jiO�OJHF�LilO�jH�{PLMDEDjNH���@@�H|�KJH�EHIPEk�OP�BClHEOx���YquR[Q�v�8:�89}.��m�������,-.�.n�X����������o�89}.��;.-�m����~�.nc�����9�:.f�g9���c���s����@@�dHLP�H�D�EHIPEk�eEPL�OJH�OEHH���@@��HF|�KJH��HF��DNiH�Pe�EHIPEk�OP�EHLP�H���@@�dHOiECl�OJH�EHIPEk�EHLP�Hkz�CiNN�Be�OJHEH�Bl�CPCHx���YquR[Q��������,-.��.��v.m�������,-.��.�n�X������������,-.��.���o�789:;.-�m����~��.�nc�@@��BElO�eBCk�BO�����[��m�.����o�pqRRn�X������������o��.��v.;.-�m����~��.�nc�@@�hP��EHLP�H�BO�������9�:.f�g9���c�����s�����Ẑ]qZp��.��c���s����@@�dHOiEC�OJH�EHIPEk��BOJ��HF��DNiH��z�CiNN�Be�CPCH�H�BlOl���@@��HF|�KJH��HF��DNiH�OP�eBCk���YquR[Q��������,-.�789:m�������,-.��.�n�X�Ẑ]qZp�789:;.-�m����~��.�nc�s����@@�dHOiEC�OJH�CiLjHE�Pe�EHIPEkl�BC�OJH�kBIOBPCDEF���YquR[Q�89��}8�.mn�X�Ẑ]qZp�9�:.f�g9�c�s�
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Chapter 6: Sorting 

 

 

 

 
OpenDSA License 

 
OpenDSA is Copyright © 2013-2016 by Ville Karavirta and Cliff Shaffer. 
All rights reserved. 
 
Permission is hereby granted, free of charge, to any person obtaining a copy of this software and 
associated documentation files (the "Software"), to deal in the Software without restriction, including 
without limitation the rights to use, copy, modify, merge, publish, distribute, sublicense, and/or sell 
copies of the Software, and to permit persons to whom the Software is furnished to do so, subject to the 
following conditions: 
 
The above copyright notice and this permission notice shall be included in all copies or substantial 
portions of the Software. 
 
THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR IMPLIED, 
INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY, FITNESS FOR A PARTICULAR 
PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE AUTHORS OR COPYRIGHT HOLDERS BE 
LIABLE FOR ANY CLAIM, DAMAGES OR OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT 
OR OTHERWISE, ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR 
OTHER DEALINGS IN THE SOFTWARE. 
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Chapter 7: Hashing 

 

 

 

 
OpenDSA License 

 
OpenDSA is Copyright © 2013-2016 by Ville Karavirta and Cliff Shaffer. 
All rights reserved. 
 
Permission is hereby granted, free of charge, to any person obtaining a copy of this software and 
associated documentation files (the "Software"), to deal in the Software without restriction, including 
without limitation the rights to use, copy, modify, merge, publish, distribute, sublicense, and/or sell 
copies of the Software, and to permit persons to whom the Software is furnished to do so, subject to the 
following conditions: 
 
The above copyright notice and this permission notice shall be included in all copies or substantial 
portions of the Software. 
 
THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR IMPLIED, 
INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY, FITNESS FOR A PARTICULAR 
PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE AUTHORS OR COPYRIGHT HOLDERS BE 
LIABLE FOR ANY CLAIM, DAMAGES OR OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT 
OR OTHERWISE, ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR 
OTHER DEALINGS IN THE SOFTWARE. 
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Functional Programming and Streams 
John MacCormick, Dickinson College, August 2021. 

 

1 Some background on functional programming  
The design and implementation of programming languages is a large and important subfield of 
computer science. In this chapter, we examine functional programming, which is one of the most 
important ideas within the theory of programming languages.  Programming languages are often 
described as belonging to various categories or paradigms. Examples of these programming language 
paradigms include imperative languages, functional languages, and logic programming languages. Most 
modern languages include features from multiple paradigms. For example, Java and Python were 
designed primarily as imperative languages, but they include many aspects of functional programming. 
Examples of languages that were designed as functional languages include Lisp, F#, and Haskell. 

In this chapter, we first examine the most fundamental idea in functional programming: lambda 
expressions. Then, we see how lambda expressions can be used in Java’s Stream API to process data sets 
efficiently and elegantly. 

1.1 A note on the use of Java and Python in this chapter 
Although Java and Python are not particularly good examples of functional programming languages, the 
examples in this chapter use only Java and Python. It would take us too far afield to study a more purely 
functional language. If some of the Java examples seem a little awkward, keep in mind that we are 
deliberately adopting a compromise between understanding the ideas of functional programming and 
exploiting our existing familiarity with Java. If you are not familiar with Python, do not be concerned. It is 
easier to demonstrate some of functional programming ideas in Python, compared to Java. Therefore, 
we use some initial examples from Python. But it will be sufficient to understand the Java examples 
without having a detailed understanding of the Python examples. 

2 Lambda expressions 
In the rest of this chapter, the word function usually refers to a subroutine in a programming language 
that can accept parameters and return values. Different programming languages refer to functions using 
different terminology. In Java, for example, functions are called methods. In Python, functions are simply 
called functions.  

A key aspect of functional programming languages is that they treat functions the same as other data 
types. This is often described using the phrases “functions are first-class citizens” or “functions are first-
class objects.” The most important consequence of this first-class status is that in a functional language, 
a function can be a parameter in another function.  
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2.1 Functions as parameters in Python 
It is particularly easy to demonstrate this in Python: 

def add5(x): 
    return x + 5 
 
def multBy3IfPositive(x): 
    if x > 0: 
        return 3 * x 
    else: 
        return 0 
 
def applyToSeven(f): 
    return f(7) 
 
def applyToMinusNine(f): 
    return f(-9) 
 
Here, the functions applyToSeven and applyToMinusNine both accept a single parameter which is 
expected to be a function. For example, we can use add5 as the parameter for applyToSeven: 

>>> applyToSeven(add5) 
12 
And of course, we can get a different result if we send in a different function as the parameter: 

>>> applyToSeven(multBy3IfPositive) 
21 
 

Example problem 1. 

Check your understanding by working out the results of the following two function calls: 

>>> applyToMinusNine(add5) 
 
>>> applyToMinusNine(multBy3IfPositive) 
 
Solutions to all example problems are given at the end of this chapter. 

2.2 Functions as parameters in Java 
In Java, it is not quite so easy to pass a function as a parameter, when compared to Python. The Java 
code below is the simplest equivalent of the above Python code. As you will see, it is comparatively ugly. 
It relies on Java interfaces to simulate the ability to pass a function as a parameter. In this example, we 
import the Function<T, R> interface from java.util.function, which is the Java package that 
supports functional programming. The Function<T, R> interface represents a function that accepts a 
single parameter of type T and returns a value of type R. Because the add5 function accepts a single 
integer parameter and returns an integer, we can create the effect of functional programming with 
add5 by creating an Add5 class that implements the Function<Integer, Integer> interface. In the 
main() method below, we create an instance of the Add5 class. The name of that instance is add5, and 
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we can pass this instance, which truly is a Java object, as a parameter to the applyToSeven() and 
applyToMinusNine() methods. 

import java.util.function.Function; 
 
public class FunctionParameterDemo { 
 
 public static class Add5 implements Function<Integer, Integer> { 
  public Integer apply(Integer x) { 
   return x + 5; 
  } 
 } 
 
 public static class MultBy3IfPositive 
   implements Function<Integer, Integer> { 
  public Integer apply(Integer x) { 
   if (x > 0) { 
    return 3 * x; 
   } else { 
    return 0; 
   } 
  } 
 } 
 
 public static Integer applyToSeven(Function<Integer, Integer> f) { 
  return f.apply(7); 
 } 
 
 public static Integer applyToMinusNine(Function<Integer, Integer> f) { 
  return f.apply(-9); 
 } 
 
 public static void main(String[] args) { 
  Add5 add5 = new Add5(); 
  MultBy3IfPositive multBy3IfPositive = new MultBy3IfPositive(); 
  int val1 = applyToSeven(add5); // val1 = 12 
  int val2 = applyToSeven(multBy3IfPositive); // val2 = 21 
 } 
} 
 

Example problem 2. 

Determine the value of the following two method calls, assuming they were inserted at the end 
of the above main() method: 

applyToMinusNine(add5) 
applyToMinusNine(multBy3IfPositive) 
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2.3 Functional interfaces and lambda expressions in Java 
Notice that the interface implemented by add5 and multBy3IfPositive has the following special 
property: it has only a single abstract method. The name of this method is apply(). In Java, an 
interface with exactly one abstract method is called a functional interface. As we will see later, 
functional interfaces are important because they can be implemented efficiently and elegantly using 
lambda expressions. Lambda expressions are a shorthand notation for functional interfaces that allow us 
to avoid using the ugly style of Java functional programming above. To see lambda expressions in action, 
we will first return to Python.  

2.4 Named and anonymous values 
In any computer program written in any programming language, some of the values will typically be 
named whereas other values will be anonymous. For example, here are two different ways of printing 
out the square root of 5 in Python: 

print(math.sqrt(5)) # anonymous 
 
x = 5 
print(math.sqrt(x)) # named 
 

In the first call to sqrt(), the value 5 is anonymous because it is not referred to using the name of a 
variable. In the second call to sqrt(), the value 5 is referred to using the name x.  

2.5 The lambda keyword in Python 
Recall that in functional programming, we can use functions as parameters. Therefore, it should be 
possible to use the same two techniques when sending a function as a parameter: we can use either a 
named function, or an anonymous function. We have already seen how to do this using named 
functions. One of the examples from earlier is repeated here for concreteness: 

>>> applyToSeven(add5) 
 

This sends the named function add5 as a parameter to an invocation of the function applyToSeven(). 
But how can we do this using an anonymous function? In Python, we can create an anonymous function 
using the keyword lambda, as in the following example. 

>>> applyToSeven(lambda x: x+5) 
 

So, a lambda expression is just a way of describing a function without giving it a name. The Python 
snippet “lambda x: x+5” means “the function that takes a parameter x and returns x+5.” It would 
perhaps be less confusing if lambda were called something else like anonFunction, but there are 
good historical and theoretical reasons for adopting the keyword lambda. “Lambda” is the name of the 
Greek letter 𝜆𝜆. In the 1930s, the mathematician Alonzo Church used the Greek letter 𝜆𝜆 as the main 
symbol in describing a framework for computing with functions—a framework that we now call the 
lambda calculus. The lambda calculus lies at the heart of functional programming and the theory of 
computation, but it would take us too far afield to study that connection here. 
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To summarize: in Python, a lambda expression defines an anonymous function. There is never any need 
to be confused by lambda expressions. If you see some code that contains a confusing lambda 
expression, you can simply rewrite it by first creating a named function that performs the effect of the 
lambda expression, then substituting the new name for the lambda expression. For example, the Python 
snippet 

performStrangeAction("nonsense", \ 
      lambda apple, banana, grape: apple + banana.gimble(2*grape)) 
 

can be rewritten as 

def weirdFunction(apple, banana, grape): 
    return apple + banana.gimble(2*grape) 
 
performStrangeAction("nonsense", weirdFunction) 
 

The above example also shows how lambda expressions in Python can describe functions with multiple 
parameters. 

Example problem 3. 

Assuming the definitions given earlier, what is the output of the following snippets of Python? 

applyToSeven(lambda potato: potato%4 + potato*potato) 
applyToMinusNine(lambda oak: math.factorial(oak+12) * oak) 

 

2.6 Lambda expressions in Java 
In Java, lambda expressions do not use the keyword lambda. Instead, they employ the arrow notation 
“->” immediately after the function parameters. For example, the equivalent of the Python snippet 
“lambda x: x+5” in Java is “x -> x+5”. In both cases, the meaning of the lambda expression is 
approximately “the function that receives a parameter x and returns x+5.” The true meaning of a Java 
lambda expression is more complex, but we won’t describe the details here. It is enough to know that 
the Java lambda expression uses the functional interfaces mentioned earlier, creating an anonymous 
class and an anonymous instance so that the desired functional programming effect is achieved. 

We can rewrite our earlier Java examples using lambda expressions. The declarations of 
applyToSeven() and applyToMinusNine() remain the same, but they are repeated here for 
convenience: 

 public static Integer applyToSeven(Function<Integer, Integer> f) { 
  return f.apply(7); 
 } 
 
 public static Integer applyToMinusNine(Function<Integer, Integer> f) { 
  return f.apply(-9); 
 } 
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The rest of the code is much more compact because there is no need to declare any classes that 
implement functional interfaces. Our main method can instead be 

 public static void main(String[] args) { 
  int val3 = applyToSeven(x -> x + 5); // val3 = 12 
  int val4 = applyToSeven(x -> { 
   if (x > 0) { 
    return 3 * x; 
   } else { 
    return 0; 
   } 
  }); // val4 = 21 
 } 
 

Note the use of a lambda expression that spans multiple lines and contains multiple blocks of code. In 
practice, lambda expressions are usually kept short and simple, but they can be as complex as desired. 

Example problem 4. 

Determine the values of the following two method calls, assuming they were inserted at the end 
of the above main() method: 

  int val5 = applyToMinusNine(x -> (x + 1) * (x + 2)); 
  int val6 = applyToMinusNine(z -> { 
   if (z > 10) { 
    return 100; 
   } else if (z < -100) { 
    return -100; 
   } else { 
    return z * 10; 
   } 
  }); 
 
Lambda expressions in Java can also have multiple parameters. This is achieved by listing the parameters 
inside parentheses before the “->” symbol. For example, the lambda expression (x, y) -> x*x + 
2*y could represent a method f() such as the following. 

   public int f(int x, int y) { 
    return x*x + 2*y; 
   } 
 

Example problem 5. 

Write the mathematical function 𝑔𝑔(𝑢𝑢, 𝑣𝑣,𝑤𝑤) = √𝑢𝑢2 + 𝑣𝑣2 +𝑤𝑤2 as a Java lambda expression. 
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3 The Java Stream API 
In Java, Stream<T> is an interface for performing operations on sequences of objects of type T. There 
are also specialized streams for performing operations on sequences of some primitive types: 
IntStream for int values, LongStream for long values, and DoubleStream for double values. 

Common operations used on Streams include count(), filter(), map(), mapToInt(), 
foreach(), and reduce().  IntStream, LongStream, and DoubleStream also have the operation 
sum(). We study only these seven operations. The Java API documentation lists other available 
operations. 

Each operation is defined as either an intermediate operation or a terminal operation. The seven 
common operations that we will study are classified as follows.  

• Intermediate operations: filter(), map(), mapToInt(). 
• Terminal operations: count(), foreach(), reduce(), sum(). 

To perform a computation on a Stream, we can apply zero or more intermediate operations in 
sequence, followed by a single terminal operation. For example, a computation might consist of the 
following sequence of operations: filter(), filter(), map(), filter(), count(). 

3.1 Creating a Stream 
There are numerous ways to create a Stream in Java. Several of these approaches are shown in the 
following code snippet. 

// Approach 1: Create directly from an array via Stream.of() 
String[] array = { "bat", "cat", "bird", "mad", "catch", "ditch" }; 
Stream<String> stream1 = Stream.of(array); 
 
// Approach 2: Create directly from multiple arguments via 
// String.of() 
Stream<String> stream2 = Stream.of("bat", "cat", "bird", "mad", 
  "catch", "ditch"); 
 
// Approach 3: Convert any Java Collection using the collection's 
// stream() method 
List<String> list = Arrays.asList("bat", "cat", "bird", "mad", 
  "catch", "ditch"); 
Stream<String> stream3 = list.stream(); 
 
// Approach 4: Stream from a file using Files.lines  
Stream<String> stream4 = Files.lines(Paths.get("data/words.txt")); 
 
// Approach 5: Use range() or rangeClosed() 
IntStream range1 = IntStream.range(5, 10); // 5,6,7,8,9 
IntStream range2 = IntStream.rangeClosed(5, 10); // 5,6,7,8,9,10 
 

Example problem 6. 

346



(i) Write some code that would create a stream containing the following sequence as Double 
objects: 23.4, 69.7, -25.88, 31.3363. 

(ii) Repeat part (i), this time creating a stream containing primitive double values. 

(iii) Write code creating a stream consisting of integers from 100 to 200 inclusive. 

The next seven sections introduce each of our seven common operations, while also gradually building 
our understanding of how to combine the operations into more interesting stream computations.  

3.2 Stream operations 
We now examine seven stream operations in detail. 

3.2.1 count() 
The count() operation returns the number of elements in a stream. 

Stream<String> stream = Stream.of("bat", "cat", "bird”); 
long numElements = stream.count(); // numElements = 3 
 

Example problem 7. 

Write a snippet of code that uses the Stream API to count the number of lines in a file called 
“GreatGatsby.txt”. 

3.2.2 sum() 
The sum() operation returns the sum of the elements in a stream. It can only be applied to the 
specialized numeric streams IntStream, LongStream, and DoubleStream, as in the following 
example. 

 DoubleStream stream = DoubleStream.of(1.5, 2.4, -0.1); 
 double total = stream.sum(); // total = 3.8 
 

Example problem 8. 

Write a snippet of code that uses the Stream API to add the integers from 27 to 159 inclusive. 
Hint: IntStream.range() or IntStream.rangeClosed() make this very easy. 

 
3.2.3 filter() 
The filter() operation applies a Boolean test function to every element in the input stream. 
Elements that fail the test (i.e. return false) are discarded, whereas elements that pass the test 
(i.e. return true) enter the output stream to be processed by the next operation in the computation. 
This is our first example of using lambda expressions with Streams, because the Boolean test function 
can be described with a lambda expression. Consider the following example. 

Stream<String> stream = Stream.of("bat", "cat", "bird", "mad", 
    "catch", "ditch"); 
Stream<String> newStream = stream.filter(word -> word.startsWith("ca")); 
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Here, stream is the input to the computation. It is a Stream<String> containing the elements "bat", 
"cat", "bird", "mad", "catch", "ditch". The output of the computation is newStream, which also has the 
datatype Stream<String>. But newStream contains only the elements beginning with “ca”, so it 
consists of the two elements “cat” and “catch”. 

If the lambda expression in the snippet above is confusing, remember that we can always rewrite 
lambda expressions using named functions. Let’s do this now for the above lambda expression, 
word -> word.startsWith("ca"). 

The first step is to determine what functional interface this lambda expression is an instance of. To do 
that, we consult the documentation of the filter() method in the Stream interface. In the 
documentation, the signature of the filter() method is given as 

Stream<T> filter(Predicate<? super T> predicate) 
 
Until we have more familiarity with streams and lambda expressions, it will be best to ignore the type 
wildcard (“?”). So let’s think of the parameter as having datatype Predicate<T>. We again consult the 
official Java documentation, this time looking up Predicate<T>. As expected, it is a functional 
interface, which means it has exactly one abstract method. The signature of this method is boolean 
test(T t). Note that our filter() method is being applied to a stream of strings, 
Stream<String>. So for this example, the type parameter T has value String. Therefore, to rewrite 
the lambda expression word -> word.startsWith("ca"), we need to implement the interface 
Predicate<String>. Specifically, we will need to implement the method test(String t) so that 
its parameter is called word and its return value is word.startsWith("ca"). Putting this together, 
we obtain the following code. 

class StartsWithCA implements Predicate<String> { 
 public boolean test(String word) { 
  return word.startsWith("ca"); 
 } 
} 
StartsWithCA startsWithCA = new StartsWithCA(); 
Stream<String> stream = Stream.of("bat", "cat", "bird", "mad", 
    "catch", "ditch"); 
Stream<String> newstream = stream.filter(startsWithCA); 
 

Once we have obtained the new, filtered stream newstream, we can do further computations on it. For 
example, we can count the elements: 

Stream<String> newstream = stream.filter(word -> word.startsWith("ca")); 
long numStartWithCA = newstream.count(); // numStartWithCA = 2 
 

However, this is usually written in a more compact form. Instead of defining a new local variable for 
each stream created by the intermediate operations, we can immediately apply the next operation via a 
method call: 
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long numStartWithCA = stream 
  .filter(word -> word.startsWith("ca")) 
  .count(); // numStartWithCA = 2 
 

This is equivalent to the previous snippet, but it is more compact and more readable once you get used 
to the syntax. Each operation in the computation is written as a method call beginning with “.” and 
placed on a new line for readability. 

Example problem 9. 

Building on your solution to the previous example problem, write a snippet of code that uses the 
Stream API to add the odd integers from 27 to 159 inclusive. 

3.2.4 foreach() 
The foreach() operation applies an action to every element in the input stream. It is a terminal 
operation and should only be used for producing output at the end of a computation. Never use the 
foreach() operation to process elements in an intermediate operation. For our purposes, the only use 
of foreach() is to print out the elements of a stream using methods such as System.out.print() 
and System.out.println(), as in the following example. 

 Stream<String> stream = Stream.of("apple", "banana", "bagel"); 
 stream.forEach(word -> System.out.println(word)); 
 

This snippet produces the output 

apple 
banana 
bagel 

 
We have already discussed how it is always possible to rewrite a lambda expression as a named instance 
of a functional interface. There is yet another way to rewrite certain simple lambda expressions. If the 
lambda expression does nothing except invoke a method that already has a name, you can refer directly 
to the method using Java’s method reference operator, “::”. For example, the snippet 
System.out::println is equivalent to the lambda expression x -> System.out.println(x). 
Method references are often used with the foreach() operation, as in the following example (which is 
equivalent to the previous example). 

 Stream<String> stream5 = Stream.of("apple", "banana", "bagel"); 
 stream5.forEach(System.out::println); 
 

Example problem 10. 

Write a snippet of code that uses the Stream API to print the integers from 27 to 159 inclusive 
on separate lines. 
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3.2.5 map() 
The map() operation is used to apply a method to each element of the input stream. In mathematical 
notation, the result of mapping the function 𝑓𝑓 onto the sequence 𝑥𝑥1,𝑥𝑥2,𝑥𝑥3, 𝑥𝑥4, …  is 
𝑓𝑓(𝑥𝑥1),𝑓𝑓(𝑥𝑥2),𝑓𝑓(𝑥𝑥3),𝑓𝑓(𝑥𝑥4), … . The following is an example using Java streams. 

Stream<String> stream = Stream.of("apple", "banana", "bagel"); 
stream 
 .map(word -> word.toUpperCase() + "***") 
 .forEach(System.out::print); 
 

The output is 

APPLE***BANANA***BAGEL*** 
 

Example problem 11. 

Suppose a file info.txt stores a nonempty string on each line. Write a snippet of code that 
uses the Stream API to print the first character of each line in the file on a separate line. 

 

3.2.6 mapToInt() 
The mapToInt() operation is identical to map(), except that the mapped function must return an int, 
and therefore the resulting stream is an IntStream. For example, we can find the location of the letter 
“e” in each element of a Stream<String> as follows. 

Stream<String> stream = Stream.of("apple", "banana", "bagel"); 
stream 
 .mapToInt(word -> word.indexOf('e')) 
 .forEach(System.out::println); 
 

The output is 

4 
-1 
3 

 

Example problem 12. 

Write a snippet of code that uses the Stream API to print the length each line in the file 
info.txt on a separate line. 

3.2.7 reduce() 
The reduce() operation is a terminal operation, which is used to combine all the elements of a stream 
into a single output. Perhaps this operation would be easier to understand if it were called “combine.” 
But the term “reduce” also makes sense, because we are “reducing” an entire stream into a single 
output. 
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The reduce() operation is a little more elaborate than the others, so we introduce it by way of an 
example. For the moment, we abandon streams and go back to processing data in an ordinary array. 
Suppose we have an array of strings and we would like to take the first character from each string and 
combine these into a single string. For example, the array {"apple", "banana", "bagel"} will 
produce the output “abb”. This can be achieved by the following Java code.  

 String[] array = { "apple", "banana", "bagel" }; 
 String initialValue = ""; 
 String resultSoFar = initialValue; 
 for (String newElement: array) { 
  resultSoFar = resultSoFar + newElement.charAt(0); 
 } 
 
The idea behind this algorithm is obvious. We move through the array accumulating any results in the 
variable resultSoFar. Each time we process a new element, we combine it with the existing results 
(by adding the first character of newElement, in this particular case), producing an updated value for 
resultSoFar. We also specify an initial value for the results, which is stored separately for clarity in 
the variable initialValue. When the algorithm terminates, the final result can be found in the 
accumulator variable resultSoFar. 

We can refactor the above snippet so that the process of accumulating results is factored out into the 
separate method accumulate(), as follows. 

public static String accumulate(String resultSoFar, String newElement) { 
 return resultSoFar + newElement.charAt(0); 
} 
public static void main(String[] args) throws IOException { 
 String[] array2 = { "apple", "banana", "bagel" }; 
 String initialValue = ""; 
 String resultSoFar = initialValue; 
 for (String newElement : array2) { 
  resultSoFar = accumulate(resultSoFar, newElement); 
 } 
 System.out.println(resultSoFar); 
} 
 

Now we can describe the reduce() streaming operation using the vocabulary from the above example. 
The operation has two parameters, which correspond to the initialValue variable and the 
accumulate() method. Thus, the reduce(initialValue, accumulate) streaming operation 
applies the accumulate method successively to each element of the stream, using the given initial value 
for initialization. The accumulate method is usually specified by a lambda expression. 

Returning to our concrete example, the following code shows how to produce a string consisting of the 
initial characters of each element in a stream. 
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Stream<String> stream = Stream.of("apple", "banana", "bagel"); 
String firstLetters =  
 stream.reduce( 
  "", // first parameter is the initial value, an empty String 
  (resultSoFar, newElement) -> resultSoFar + newElement.charAt(0) 
  // second parameter (above) is the ‘accumulate’ function, 
  // written as a lambda expression with two parameters 
 ); 
 
Note how the lambda expression representing the accumulator function has two parameters, just like 
the accumulate() method in the earlier example above: 

(resultSoFar, newElement) -> resultSoFar + newElement.charAt(0) 
 

Note that we have studied the two-parameter form of the reduce() operation. There is also a one-
parameter form and a three-parameter form, but we do not study those here. 

Example problem 13. 

Suppose a file numbers.txt stores a number written in decimal notation on each line. Write a 
snippet of code that uses the Stream API to compute the sum of the numbers in the file using 
the java.math.BigDecimal class, which guarantees that no precision will be lost when 
dealing with decimal numbers. (It would be important to use this approach when performing a 
financial calculation, for example.) 

 

3.3 Parallel streams 
One advantage of the Java Stream API is that computations can be parallelized with essentially no effort. 
Every stream has an internal setting that determines whether it operates in a sequential fashion or a 
parallel fashion. If a stream is set to operate in parallel, the Java stream library will attempt to split the 
stream into chunks which are fed into separate threads running simultaneously. Certain computations 
benefit greatly from this parallelism and will complete more quickly. Indeed, if there are 𝑁𝑁 CPU cores 
available then the computation could in principle be sped up by a factor of 𝑁𝑁 (or even more if we take 
hyperthreading into account). On the other hand, some computations cannot benefit from 
parallelization. When operating in parallel mode, such a computation may in fact run more slowly than 
its sequential version, due to the overhead of setting up the parallel streams. 

Any stream can be converted to a parallel stream by applying the parallel() operation to it. A stream 
can be converted to sequential mode by applying the sequential() operation. The following is an 
example of code that benefits greatly from employing parallelism when the array values[] is very 
large. We assume a Boolean method isPrime() is available, which returns true if its argument is a 
prime number. 
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int[] values = … 
numPrimes = IntStream.of(values) 
   .parallel() 
   .filter(n -> isPrime(n)) 
   .count(); 
 

To perform the same computation sequentially, replace the “parallel()” with “sequential()”. The 
program ParallelPrimesDemo.java (see listing below) compares the two approaches empirically. 

 

Example problem 14. 

Run the program ParallelPrimesDemo.java (see listing below) on your own computer and 
determine the average speed-up factor when the computation is done in parallel. How does this 
compare to the number of CPU cores and/or hyperthreads available on your computer? 

3.4 Program listing of ParallelPrimesDemo.java 
 

import java.util.Random; 
import java.util.stream.IntStream; 
 
/** 
 * This class provides a demonstration of the speed-up that can be obtained 
 * by using parallel streams rather than sequential streams. 
*/ 
public class ParallelPrimesDemo { 
 
 // A deliberately inefficient way of determining whether an integer 
 // n>=2 is prime. We just want to perform a computationally intensive 
 // task to demonstrate the benefits of parallelism. 
 private static boolean isPrime(int n) { 
  for (int i = 2; i < n; i++) { 
   if (n % i == 0) { 
    return false; 
   } 
  } 
  return true; 
 } 
 
 public static void main(String[] args) { 
  // Step 1. Create a large array of random integers. We ensure that 
  // each integer is greater than or equal to 2, so that it makes 
  // sense to ask whether the integer is prime. 
  Random random = new Random(); 
  final int numValues = 2000000; 
  final int maxValue = 10000; 
  int[] values = new int[numValues]; 
  for (int i = 0; i < values.length; i++) { 
   values[i] = 2 + random.nextInt(maxValue - 2); 
  } 
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  // We repeat the remaining steps several times so that we can check 
  // if the timing results are reliable. 
  int numRepetitions = 5; 
  for (int repetition = 0; repetition < numRepetitions; repetition++) { 
 
   // Step 2. Use a sequential stream to determine how many of the 
   // random integers are prime, and record the time taken. 
   long numPrimes1, numPrimes2; 
   long startTime, endTime; 
   startTime = System.nanoTime(); 
   numPrimes1 = IntStream.of(values).sequential() 
     .filter(n -> isPrime(n)).count(); 
   endTime = System.nanoTime(); 
   long sequentialDuration = (endTime - startTime)  
     / 1000000; // milliseconds 
 
   // Step 3. The same as the previous step, but with a parallel 
   // stream. 
   startTime = System.nanoTime(); 
   numPrimes2 = IntStream.of(values).parallel() 
     .filter(n -> isPrime(n)).count(); 
   endTime = System.nanoTime(); 
   long parallelDuration = (endTime - startTime)  
     / 1000000; // milliseconds 
 
   // The answers had better be the same! 
   assert numPrimes1 == numPrimes2; 
 
   // Step 4. Print the timing results. 
   double speedup = (double) sequentialDuration 
     / parallelDuration; 
   System.out.format( 
   "sequential %dms, parallel %dms, speedup factor %2.2f\n", 
    sequentialDuration, parallelDuration, speedup); 
  } 
 } 
} 
 

4 Solutions to example problems 
 

Example problem 1. 

applyToMinusNine(add5) → -4 
applyToMinusNine(multBy3IfPositive) → 0 
 
Example problem 2. 

applyToMinusNine(add5) → -4 
applyToMinusNine(multBy3IfPositive) → 0 
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Example problem 3. 

applyToSeven(lambda potato: potato%4 + potato*potato) → 52 
applyToMinusNine(lambda oak: math.factorial(oak+12) * oak) → -54 
 
Example problem 4. 

val5 = 56 
val6 = -90 
 
 

Example problem 5. 

(u,v,w)->Math.sqrt(u*u + v*v + w*w) 
 

Example problem 6. 

There are many ways to achieve this. Here are some examples: 

(i) Stream<Double> doubleObjects = Stream.of(23.4, 69.7, -25.88, 31.3363); 

(ii) DoubleStream doublePrimitives = DoubleStream.of(23.4, 69.7, -25.88, 
31.3363); 

(iii) Either of the following approaches would work here:  
IntStream range1 = IntStream.range(100, 201); 
IntStream range2 = IntStream.rangeClosed(100, 200); 

 

Example problem 7. 

Stream<String> gatsby = Files.lines(Paths.get("GreatGatsby.txt")); 
long numLines = gatsby.count(); 
 
Example problem 8. 

int sum27to159 = IntStream.rangeClosed(27, 159).sum(); 
 

Example problem 9. 

int sumOdd27to159 = IntStream.rangeClosed(27, 159) 
    .filter(x -> x % 2 == 1) 

.sum(); 
 
Example problem 10. 

IntStream.rangeClosed(27, 159).forEach(System.out::println); 
 
Example problem 11. 

Stream<String> info = Files.lines(Paths.get("info.txt")); 
info.map(s->s.substring(0, 1)).forEach(System.out::println); 
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Example problem 12. 

Stream<String> info = Files.lines(Paths.get("info.txt")); 
info.mapToInt(s->s.length()).forEach(System.out::println); 
 
Example problem 13. 

Stream<String> numbers = Files.lines(Paths.get("numbers.txt")); 
BigDecimal sum = numbers 
  .map(s -> new BigDecimal(s)) 
  .reduce(new BigDecimal(0), (tot, val) -> tot.add(val)); 
System.out.println(sum); 
 
Example problem 14. 

The following results were obtained on an Intel Core i5-8350U Processor: 

sequential 2907ms, parallel 634ms, speedup factor 4.59 
sequential 2790ms, parallel 639ms, speedup factor 4.37 
sequential 2714ms, parallel 651ms, speedup factor 4.17 
sequential 2729ms, parallel 651ms, speedup factor 4.19 
sequential 2731ms, parallel 646ms, speedup factor 4.23 

 

This processor is described by Intel as having 4 cores and 8 threads. One plausible interpretation of the 
above speedup factors is that each of the four cores was able to perform part of the processing 
simultaneously, and a small additional boost was provided by the hyperthreading technology on this 
processor. 
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Chapter 9: Graphs 

 

 

 

 
OpenDSA License 

 
OpenDSA is Copyright © 2013-2016 by Ville Karavirta and Cliff Shaffer. 
All rights reserved. 
 
Permission is hereby granted, free of charge, to any person obtaining a copy of this software and 
associated documentation files (the "Software"), to deal in the Software without restriction, including 
without limitation the rights to use, copy, modify, merge, publish, distribute, sublicense, and/or sell 
copies of the Software, and to permit persons to whom the Software is furnished to do so, subject to the 
following conditions: 
 
The above copyright notice and this permission notice shall be included in all copies or substantial 
portions of the Software. 
 
THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR IMPLIED, 
INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY, FITNESS FOR A PARTICULAR 
PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE AUTHORS OR COPYRIGHT HOLDERS BE 
LIABLE FOR ANY CLAIM, DAMAGES OR OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT 
OR OTHERWISE, ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR 
OTHER DEALINGS IN THE SOFTWARE. 
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366



���������	
��
��
���������������
�����������������������������������������
����������������������������������������������������
�������� ��
�������������
�����
��������
��
�����!���������������!��"��������������������
���!���
��
	��
���
������� ���
���
������
���������
�����
�����
�����
�	������!����#��
�� �������
�#���������
�������!����#"$�����������������������

���
�������������������
��!����������
��
����%����

��&���
�'����������!�� ("�)�����
�*'+,�-�������������	������
������!����
����	����������
����
�������
�� ������	
�����
����!�������"�)
���#��������������*'+,�-./0�12�
������������
��)������34545�%�(�	
��
��������6"�$���
�������
����#����������	���������
�����
��
����7"8
���������*'+,�-./0�92�
������������
��)������34545�%�(�	
��
��������7")�����
����::;:,'���
��'<=>';:,'��

�����
���%������������	�����(���
����
!�������
�����
��������������������!�� "������������
�������
�������
�� ������	
�����
����!�������"��::;:,'�

����
�������������������
��������	�������
����7���������������!�����������
��
���
���������
�?�#��������
�����
������������!���
���	���������������
")�����
���,'-@�AB'���
�C'-@�AB'�������
��������������!�� ������D�����
�!������
��E����#�"�$��
����#��������������
��������
������D���������
������������

��	��������
���
������	�����������!����

���������!�
��� �����!�����
����������
�����
���������
�����F���� ��!�� ����������
��������������
�����������������	������D�����!�������
�����������
���
������!���!����#"����&'+,�G=�C�����

���������������� ��
���������������
������
������������
�����!�����������������
����
�
��"�����
��
	����������������������� ����������
������"
)������������� ������������
�������
�������������
�����
�������

���������������
������ �������
���
���

��>"�����H=��

�������������������
���������������
������ ��
��#�������
���������
��
������"$���������
���� ����������
�	��
��
�����������
�������������������������������
I����� ������
���
I����� ������#"�����������������������
�����������
������

��
���

���������������
���
	��������������������� �������
"����������
�������������������
���������

�������
����� ��
�����������
���������������
��������������
��������
����
��������"��������������������������� ������������::;:,'�������
����
!�
�
�� ��������"J����������������������
���
�������
I����� ������#"
�
����������E��	��+&-KL�&M+C-�N��O&'+,�G=�C.>2P���QRS�.+&-�+N/P�+T�&M+C-OA'&,-�P�+UU2�V�����WQ�.�O,'-@�AB'.&M+C-K+L2�XN�@YZY[;\2�V�������\=Z=<'-�+&,.2P�����]���]�
�
����������E��	_̂̀aa�bS̀cde�Wfc_gfghia�������V���cSWj̀ig�+&-KLKL�<�-�+kP���cSWj̀ig�lGm'n-KL�&=:'@�AB'CP���cSWj̀ig�+&-�&B<;:,'P����oo�pq�rstu�vqwxyrzvyqr�wss{s{��������|.2�V�]����oo�}w~y~tu~�s�y�s��rt����~y��w��sry~vsx� 367



����������	
��
�

�
�
������������
�
��������
�
�������������	������� �������!"#�$
������������%�&����'����(����))�*+,-./�,0+�/-12+.�34�5+.,67+8����������
�
��	��9	��
�����:�;�:���	������� <���&
=��(����))�*+,-./�,0+�7-..+/,�/-12+.�34�+>?+8����������
�
���&�9	��
�����:�;�:�����%�&���(������))�@+,�,0+�5AB-+�34�/3>+�C6,0�6/>+D�5����������!"#�$
�&�
������
�
������:�;�:���	������� �����(������))�E+,�,0+�5AB-+�34�/3>+�C6,0�6/>+D�5�����������	
�� �
������
�
��F�!"#�$
���������	������� �����������(����))�G>>8�A�/+C�+>?+�4.31�/3>+�5�,3�/3>+�C���))�*+,-./8�,0+�/+C�+>?+�����������	
�����%�&��
�
��F�
�
�HF�
�
�H&
���������I��H&
����'����:�;�:���(�))�JA/K,�8,3.+�C+6?0,�34�L������I����
�
�����H�����'�������������%�&�MM������(�������
�
�����H����H&
����(����))�@+,�,0+�C+6?0,�5AB-+�43.�A/�+>?+����������
�
�H�
&=
�
�
��F�
�
�H����:�;�:����
�
�����H���(����))�*+135+8�,0+�+>?+�4.31�,0+�?.AN0O�����������	
�����	��%�&��
�
��F�
�
�H���������I����
�
�����H��P��'������������
�
�����H����'�����������%�&�QQ������(���(������))�*+,-./8�,.-+�644�,0+�?.AN0�0A8�,0+�+>?+����������"		�����=� %�&��
�
��F�
�
�H����:�;�:����
�
�����H��P��'��(����))�*+,-./8�A/�A..AR�73/,A6/6/?�,0+�6/>676+8�34�,0+�/+6?023.8�34�5����������
�
�����
&="	� �
�
����������
�
�
������
�
�$	��
���'������
�
���
��S�����������IT:��
�'��
U�	������� <���&
=��
MM�����������I����
�
�����
��P��'����$	��
MM��(�����(�����
��S�������
�
�$	��
�������IT:��
�'F�$	��
�'��
U�	������� <���&
=��
MM�����������I����
�
�����
��P��'����
��S�$	��
MM����
��(�( 368



���������	
��
	���������������������������������������������	�
��
	������	�
��
	���������� �!�����"�������#�������������������������"��������������$�� �������"���������%������� �&�������� �������������#������������'��"��������"�� ��������#���� ���'��"������$����������"�� �������������������������������"�����������(������������� )�%�����%����#�*������	+�,-�.��������������������"����'�/������������#��������������������������������%���������"����� �0�������"�����������������*������������������"�����������'������%�����"���1 �2������������3��	����.	4�/	3��	���5��������������������%����������������� �2��������6	+�,��������������%��������������������������������������������������� 7����������������������������������5�������������������������������"����� �0����������������������������������������8��������*��������8�����������������%����# �!��������8�����������������5�������������3��	*�'��������������������������#���������%����#���������������������"�*�����"�'��������'��"������������"� 
����9�����:;<=:>��	4?@���9�9�
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Appendix A: Glossary 

 

 

 

 
OpenDSA License 

 
OpenDSA is Copyright © 2013-2016 by Ville Karavirta and Cliff Shaffer. 
All rights reserved. 
 
Permission is hereby granted, free of charge, to any person obtaining a copy of this software and 
associated documentation files (the "Software"), to deal in the Software without restriction, including 
without limitation the rights to use, copy, modify, merge, publish, distribute, sublicense, and/or sell 
copies of the Software, and to permit persons to whom the Software is furnished to do so, subject to the 
following conditions: 
 
The above copyright notice and this permission notice shall be included in all copies or substantial 
portions of the Software. 
 
THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR IMPLIED, 
INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY, FITNESS FOR A PARTICULAR 
PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE AUTHORS OR COPYRIGHT HOLDERS BE 
LIABLE FOR ANY CLAIM, DAMAGES OR OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT 
OR OTHERWISE, ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR 
OTHER DEALINGS IN THE SOFTWARE. 
 

379
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OpenDSA License 

 
OpenDSA is Copyright © 2013-2016 by Ville Karavirta and Cliff Shaffer. 
All rights reserved. 
 
Permission is hereby granted, free of charge, to any person obtaining a copy of this software and 
associated documentation files (the "Software"), to deal in the Software without restriction, including 
without limitation the rights to use, copy, modify, merge, publish, distribute, sublicense, and/or sell 
copies of the Software, and to permit persons to whom the Software is furnished to do so, subject to the 
following conditions: 
 
The above copyright notice and this permission notice shall be included in all copies or substantial 
portions of the Software. 
 
THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR IMPLIED, 
INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY, FITNESS FOR A PARTICULAR 
PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE AUTHORS OR COPYRIGHT HOLDERS BE 
LIABLE FOR ANY CLAIM, DAMAGES OR OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT 
OR OTHERWISE, ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR 
OTHER DEALINGS IN THE SOFTWARE. 
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